Mate Vijuga: Rijeseni zadaci iz vise matematike

7. NEODREDJENI INTEGRALI
7.1 Opcenito o integralu i pravilima integriranja

Integriranje je inverzna racunska operacija od deriviranja.

Integrirati funkciju f ( ) znaci odrediti primitvnu funkciju F(x) funkcije f(x).
'[f )+C jerje D, [F + C] = f(x) C jekonstanta integracije.

Pravila integriranja:
. Joax=cC
2. [rax=x+cC
3. Ja dx=ax+C

n+l

n, X
4. J.x dx-n+1

5. J. (x) _[f

g dez.[f dx+'|.g
g ]dx J.f dx Ig
f

+ C; za sve racionalne brojeve; n # —1.

0. If(g(x)) g (x) dx = Jf(u)du metoda supstitucije
10. Iu dv=uv—_[v du@jf(x)g'( ) If dx metoda

parcijalne integracije

11. Metoda parcijalni razlomaka

Primjeri primjene pravila integriranja:

. Joax=c = [0dx= C<D,(C)=0
2. [rdx=x+cC = [ldx=x+C oD, (x+C)=1
3. J.adx:ax+C :J.7dx 7x+C<:>D(7x+C)
n+l
4, jx"dx:x +C :>dex——+C<:>D [—+ j
n+l 8
—+l
15 ¢

5. [af(x)dx=af f(x)dx= [53xdx= sj 1+1 +C="u +C

3
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Mate Vijuga: Rijeseni zadaci iz vise matematike

10.

1.

X

[[F(x)+g(x)]dx=[ £ (x)dx+[g(x)ax

J.()c2 +7)dx:_|-x2dx+J.7dx:x?3+7x+C<:>Dx(%+7x+CJ:x2+7

4 1
D (%5)& +CJ =5x3

[[/(x)-g(x)]dr=[ f(x)dr~[g(x)dx

.[(3)63 —5x)dx = J-3x3dx—'[5xdx = %—%-F C
D (ﬁ—ﬁﬂ-CJ:bf —5x
4 2
J[f(x)}nf' (x)dx = ﬁ[f(x)]ﬁl +C za sve racionalne brojeve; n # —1

Jf(g(x)) g (x)dx= '[f(u)du metoda supstitucije

2
u=x

Ixsinxzdx = 1 = .[xsinxzdx
du =2x = xdx :Edu

J.sinu%du :%(—COSM)‘F C= —Ecosx2 +C < D, (—%cosx2 + Cj = xsin x’

ju dv:uv—Iv du & If(x)g (x)dx:f(x)g(x)—jf' (x)g(x)dx

u:lnx—>du:ldx 1
X :>1nx-x—J.x-—dx

Jinx - -

u dv

dv=dx —>v=x

lnx-x—jx-ldx:xlnx—)htC@Dx(xlnx—x+C)=lnx+£—1:1nx
x x

Metoda parcijalnih razlomaka - opsirnije objasnjeno u nastavku
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Integrali poznatijih funkcija ili izraza:

n+l

+C

ju"du -4
n+1

Isinu du=-cosu+C

Itanu du = ln|secu|+ C= —ln|cosu|+ C

Isecz udu=tanu+C

Isecutanu du =secu+C

u

Ia”duz a +C;a>0,a#1

Ina

Jsinhu du =coshu +C
'[tanhu du =Incoshu+C
Jsechu du = tan™' (sinhu)+C
Jsechz u du=tanu+C

Jsechu tanhu du = —sechu +C

=Inlu+vu*+a*|+C

1

J- du
—In “

J- du B
uNa* tu® 4 |a++a® +u?
2
u a . . u
J\/az —uza’u:—\/a2 —u? +7sm 'Z4+C
a

+C

J‘\/i—sm —+C——cos ;-I—C

" (asinbu —bcosbu)

] e’
Ie”“ sinbu du = —
a +b

jsecu du = ln|secu+tanu|+C= In

J\/u ta a’u—%\/ ia—l

2

U w
tan| —+—
(2 4j

u+Nutta’

jﬂ=1n|u|+c

u
jcosu du=sinu+C
Icotu du = ln|sinu|+C
jcscz u du=—cotu+C

Icscucotu du=-cscu+C
Je“du =" +C

'[coshu du =sinhu+C

'[cothu du :1n|sinhu|+C
'[cschu du = —coth™ (coshu)+C

'[cschzu du =—cothu+C

'[ cschu cothu du = —cschu + C

=—1In
2a

+C

J- du 1., u—a

u’ —a’ u+a

du :lcos*1£+C:lsec*1£+C

uNut —a®> a u a a

e (acosbu —b sinbu)

Ie"” cosbu du = 5 5 +C
a +b
du 1 U 1
j ——=—tan"' —+C=——cot™' Yic
u - +a a a a a
u
+C Icscudu:1n|cscu—cotu|+C=1ntan—+C

+C

+C
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7.2 Neodredjeni integral razlomljene racionalne funkcije

Integral razlomljene racionalne funkcije je naj rajrasireniji integral i pojavljuje se u vise razlicitih

oblika, zavisno o stupnju potencije u brojniku i nazivniku izraza. Integrala ima opci oblik:

P(x) . . . .

I= J-mdx gdje su P(x) i O(x) polinomi n-og stupnja.
X

Posto potencija polinoma u brojniku i nazivniku moze poprimati razlicite vrijednosti, pojavljuju

se razlicite kombinacije razlomljene racionalne funkcije, koje su razmotrene u nastavku, svaka
posebno.

P (x
Integral je oblika: |= .[LdX potencija brojnika je veca od potencije nazivnika

Q, (x)

= J-3x —4x? +3xd J-(3x 4

" )dx J.3xdx J-4dx+J-

x+

= 3% —4x +4tan”' = Podijelili smo razlomak. Postupak djeljenja prikazan je u

srednjoskolskoj matematici u dijelu "Polinomi":

(3x3 —4x* + 3x) + (x2 + 1) =3x—4 i ostatak 4 odnosno

2

x +1
3 2 3 2 3 2
5 IEIzX +7x +4x+2dx: 12x" +7x" +4x+2 x:lj 2x +4x Cova 5 I
2x+3 2 3 2 3 2 3
X+= X+=
2 2
3 2
IEl J.zidx+‘[4idx—jl(2x)dx+jl$dx :l 2i+2x —2x+51nx+3 +C
2 3 2 2 2 . 3 20 3 2
2
3 2
Dijeljenje daje rezultat: (2x3 +7x° +4x+2)+(x+§j LA, %
2 3 2 P
Integral je oblika |= IQ;()dx nazivnik je kvadratna funkcija
X
2
dx _1u 1 4 x+5
3. I= = = —=—tan +C
Ix2+10x+30 I(x+5) ( ) J.u v a G J5 J5
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Nadopunimo izraz na potpuni kvadrat i primijenimo poznati integral kao rjesenje:

X +10x+30 = x* +2x-5+25-25+30 = (x+5) +5=(x+5) +(\/§)2

(x+5)2

RN (Y SRS dx Eltan_lg:%tan_l(2x3+1j+c

2x° +2x+5 5( 1)2 (3)2 a a
x+—| +| =
2 2

2 2
2x2+2x+5=2(x2+x+£]=2 et L 1100, (x+lj +(§j
2 2 4 4 4 2 2

2 2
x2—7x+12:(x2—2x%+£—£+ﬁj: x2—2x%+£—l :(x—zj —(lj

4 4 4
(=3
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d d I 2 2(“2)
7. IEI al :J- i E—tan_lzz_t N 2/

an
X +x+1 12 3 2 g a ﬁ \/§
(x+j N

g e

) 2
B IV N N TSP S St Y U I 4
24 4 4 2 4

(=)

Integral je oblika |= J.gdx nazivnik je kvadratna funkcija pod korjenom

JQ; (x)

el iy e e e

20-8x—x? = —(x* ~8x=20) = =(x* = 2x-4+16-16-20) = —| (x~4)" =36 | = 6" — (x—4)’

du 1 “g
9. [ = =sin”' — = ——=sin™'
'[\/l—x 3x \/_I 3 1Y I\/az—uz a 3 13
6 _(”j 6
I . _,6x+1
[ ==—sin +C
3 Ji3

L u . 1 x+6

_ B _ u el U
10. 1:'[\/28—12x—x2 _I\/82_(x+6)2 _I\/az_uz =sin a—sm 2 +C

28— 12x—x" = —(¥" +125 - 28) = —(x" +2x-6+36~36 - 28) = —| (x+6)" — 64 | =

Neodredjeni integrali 6
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=82 —(x+6)’
1= —=—| d’; 2 —Inju+Vu? —a?| =
R SR
,E%IHX__+J(X_;T_@2 v

2 2
l—3x+2x2:2(l—éx+x2j:2(x2—2x-§+2—2+§j=2 (x—éj —(1]
2 2 4 16 16 16 4 4

12. ]EIL:LI dx =Inlu+\u’ —a’|=
Véx +5x° NG ( 2)2 (2J2
x+= | - =
5 5
2 2.
Izilnx+z+ (x+gj —(—) +C
NG 5 5 5

13. I= j lj dx Ej du 1% ¢
25-16x 5V, CNa -
— — X
4
25 5Y
25-16x> :16(——x2j=16 (—j —x?
16 4
14. [ = .[ lJ- dx zlnu+\/u2—a2 =
—4x+5 2

+C

2
x—l+ (x—l] -1’
2 2
2
4> —4x+5= 4(x —2x1+l—l+§j 4 (x—lj —1?
2 4 4 4 2

Elln
2
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Integral je oblika |= I\/ax2 +bx+c dx kvadratna funkcija pod korjenom

2
15.  I=|Jx*+x+1ldx= x+l -|-E
I 2

4

. . 1
Izraz pod korjenom smo preuredili: x* +x +1=x" + 2x5 +—-

1]2 3
Xx+—| +=
2) 4

pa mozemo pisati:

VR

1 4
_+_
4 4

ST

1) 3 . 1 , 3
IEI X+—| +— = oznacimo:x+—=u; dx=du;a" =—=a=
2 4 2 4

2 2 2
I=|Vu*+a* du= |Ju*+a* du u- +a u+a du = ugdu+
I v N o N

g

du . .
+a j— = [ =/, +a’l, = rijesimo svaki integral posebno:
u +a’
\—W—J
I,

du = integral rijesimo metodom parcijalne integracije:

2
u u
I :J.—duzj.u—
1
Nu? +a’ Nu® +a’

t=u ! +a’ = ! )
{du:df 2tdt = .[um J.\/t+7 Ik dk =k =Nu* + d*

—du—t\/t +a* - \/l +a’ dt—u\/u +a’ - \/u +a’
'[ Ju? +a* J. o I

2

I=u\u’ +a’ —1+a’l, :I:%u\/uz +a’ +a7[2 rijesimo sada I, :

_[_du [T, 2
Iz—jm u+~Nu +a
2

u+Nu'+a’

1 =%u\/u2 +a’ +%ln

& BT SR BT

1:1(x+%j\/x2 +x+1+§ln (x+%j+\/x2 +x+1

2

dullv=

1

=In — tipski integral. Sada mozemo napisati cijeli izraz:

odnosno:

+C

Ja® - x* a’ —-x°
16. I=I\/a2—x2d :I\/az—xzdxmzj az_xzdxz
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——— =s5in l—+C

dx:>[—a I,

IZ:Ide:J‘dex: ;dv

u=x X X
[0 — 2 [ — 52 {du:dx’ B [ — 52 ,V—I /az_xz}

X @k 1 ¢ dk N
vl m== S X NN
I a —-x —2xdx=dk:>xdx:—%dk ZJ-\/E

L == [ = x{ = )_(_;ﬁ J B e S pm

. X [ 2 L X
I=a’l,—1,=a’sin ]——(—x a’-x —i—]):>]:a2 sin” =+ xva' —x* -1

a a

2

X a . x x

2l =ad*sin' =+ xva? = x* :]:7sml—+5\/a2—x2+C
a a

P(x
Integral je oblika |= J'de potencija polinoma brojnika i nazivnika je istog stupnja

Q(x)

7. 1={2 2dx=lj FLLNL jsd ] 11jL=§)c+51nx +C
2x-=5 2 2 _é 22 o 5) 2 4
2 2
Izraz ——= smo preuredili —2=l'3x 2 (3x 2) x—é =3+E !
X— x-5 2 5 2 2 5
xX—— x—=
2 2

P(x
Integral je oblika |= I%dx potencija polinoma nazivnika je veca od potencije
X
polinoma brojnika
Metoda se svodi na preuredjenje nazivnika tako, da se prikaze u obliku produkta

faktora i potom rijesi kao suma parcijalnih razlomaka:

dxzj(A+B+C+Ddx

x+2)2 (x+2) (x+3)2 (x+3)

18. al dx =

(x2 +5x+ 6)2

(x+ 2)2 (x+ 3)2

Neodredjeni integrali 9
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Izraz smo preuredili:(x2 +5x+ 6)2 = [(x+2)(x+3)}2 = (x+2)2 ()c+3)2

Pisemo: x = A(x+3)2 +B(x+2)(x+3)2 +C(x+2)2 +D(x+2)2 (x+3)

Za vrijednosti korjena izraza, x, =-2=>A4=-2 x,=-3=>C=-3

Zax=0=0=A(x+3) +B(x+2)(x+3) +C(x+2)" + D(x+2)" (x+3)=
0=(-2)(0+3)" +B(0+2)(0+3) +(-3)(0+2)" + D(0+2)" (0+3)=
0=-2-9+18B—-12+12D = 18B+12D=30=3B+2D =5

Zax=-4

4 =(=2)(—4+3) + B(~4+2)(~4+3) +(-3)(~4+2)" + D(~4+2)" (-4+3)

~4=-2-1+B(-2)(1)+(-3)4+D4(-1)= 2B-4D =10=2B+4D =10

Rijesimo jednadzbe: 3B+2D=5 3-5+2D=5=2D=-10=D=-5

2B+4D=-10=>B+2D=-5=2B=10=B=51

C D
'= J-[ x+2 x+2)+(x+3)2+(x+3)]dx_

-3 -5
_I[ x+2 x+2)+(x+3)2+(x+3)]dx_

dx dx dx dx
:_2'[(x+2)2 +5I(x+2) _3'[(x+3)2 —Sf(x+3)

Uvedimo zamjenu za: x +2 = u;dx = du x+3=v;dx=dv

I——ZI ‘2du+5_[——3j vidv —5! =_—?u +51n|u|—ilvl—51n|v|+C
2 3

I:(x+2)+51n‘(x+2)‘+(x+3)—51n‘(x+3)‘+C

dx

5x-3 1_[ ( 5x-3

19. I= dx =—
'[ 3x —6x— 9) g 3 xx—3)(x+1)

Izraz smo preuredili:(3x2 —6x— 9) = %(x2 —-2x - 3) = %(x - 3)(x + 1)

1 5x-3 1¢| A4 B C
I =— dx = — dx:
3jx(x—3)(x+1) 3I[x+(x—3)+(x+l)} i
5x-3 ;! B C
—+ +
x(x—3)(x+1) b (x 3) (x+1)
5x—3:A(x—3)(x+1)+Bx(x+1)+Cx(x—3):
= Ax*> + Ax—3A4x—-3A4+ Bx* + Bx + Cx* = 3Cx

sredimo

Neodredjeni integrali 10



Mate Vijuga: Rijeseni zadaci iz vise matematike

0-x* +5x-3=x"(4+B+C)+x(-24+B-3C)-34
¥=0=>4+B+C=0= 1+B+C=0=>B=-C

Sx=>5=-24+B-3C= -2:1+B-3C=5=B-3C=7
-3=-34=>A4=1 B=1 C=-2

s e

1 =L (x| + nx =3 = 2mn[x+1])+ C =z +1n -4 ¢
3 (x—l)

Koeficijente parcijalnih razlomaka moglo se rijesiti i na drugaciji nacin:

Uvrstimo vrijednosti korjena razlomka x = 0, x = 3, x = —1 u poznati nam izraz:
Zax=0=5-0-3=4(0-3)(0+1)+B-0(0+1)+C-0(0-3)=>-3=-34= A4=1
Zax=3=5-3-3=A4(3-3)(3+1)+B-3(3+1)+C-3(3-3)=>12=12B= B=1
Zax=-1=5-(-1)-3=4(-1-3)(-1+ 1)+ B-(-1)(-1+ 1)+ C-(-1)(-1-3) = C=-2

Neodredjeni integrali 11



Mate Vijuga: Rijeseni zadaci iz vise matematike

dx

dx B
2 (x? —1) _J.x2 (x+1)(x-1)

20. 1:j

Izrazimo parcijalne razlomke: 1= iz + £l + ¢ + D i dalje, sredimo:
o x (x+1) (x-1)

lEA(x2 —l)+Bx(x2 —1)+Cx2 (x—l)Jer2 (x+1)
1= Ax* — A+ Bx’ —Bx+Cx’ —Cx* + Dx’ + Dx*
1=x(B+C+D)+x’(A-C+D)+x(-B)- 4
Rijesimo sistem jednadzbi: B=0 1=-4= A4=-1

B+C+D:O:>0+C+D=O:>C+D:O:>C:—%

A—C+D:>—1—C+D:0:>—C+D:1:>D:%
dx dx —dx A1 dx 1 dx
I: = = 0__ —
sz x*-1) sz(x+1)(x—l) I{ e 2(x+1)+2(x—1)}
dx 1
I=—|x"dx——=
J- g J.x+1 J-

S Y S ISt N e
2 2
I=l+1(ln|x 1|—1n|x+1|)+C—l+l ,/—+C In3x +1n 5| ——>_ =3 +C
x 2 X x+1 ( 1)

(x-1) x

1 x—1

I=—+1In +C
X x+1
I =
‘[ x +2x+ 3)
Izraz u nazivniku ima konjugirano kompleksne korjene i postupak rjesavanja je drugaciji.
Parcijalni razlomak mora imati oblik Axt B :
X+i
! sé+ﬂ 1 dalje, sredimo:lsA(x2 +2x+3)+(Bx+C)x

x(x2 +2x+3) X x> +2x+3

1= Ax* +2A4x+3A4+Bx> +Cx=x" (A+ B)+x(24+C)+34

Rijesimo sistem jednadzbi: 1=34 = 4 2%

A+B:O:%+B:O:>B:—%:>2A+C:2§+C:0:>Cz—%

Neodredjeni integrali 12
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1 2
I:IL:I i+(_3jx+(_3)dx :lj 1 x+2 x
x(x2+2x+3) 3x (x2+2x+3) 39 x (x2+2x+3)

5115

mdx :%[ln|x|_11]31=§[ln|x|—11] rijesimo sada /, :

1

x+2

e e Lo [ e LA b e Tt
I, I
X+ 2x+3=k 2x+2

Y S S _ 2

Iz—j(x2+2x+3)dx: (2x+22)3ix2 dk :jmdx
=T
2x-2
__Ix +2x+3 J‘x +2x+3 - I x’ +2x+3+C

1, ::%ln|k|—13 =%1n\x2 +2x+3|-1

1 1 1 1
I :§[1n|x|—11] :§[1n|x|—l3 +21, | :5[111|x|—51n\x2 +2x+3‘+13}

: X’ +2x+3

I _J- dx - xz+2x+3zxz+2x+1—1+3:(x+1)2+(\/§)2 _
x+1l=udx=du;a=~2;a" =2

1
I :I zdu - — tan ' X

u +a a a

I= l{ln|x|——ln‘x +2x+3‘+—tan*1 X—H}+C
3 2

V2 V2
1 X 1 x+1
[=—|In——=+—tan' — |+ C
3[ VX +2x+3 V2 \/5}

Neodredjeni integrali 13
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P(x
Integral je oblika |= Ix, QE ))dx kombinacija funkcije polinoma u prvoj potenciji pod
X
korjenom
eyt V3x—-1l=u /2:3x—1:u2
x_
22, I= J.42dx = 4l (uz +1)2 5 =
x X=——=x" = ; dx =—udu
9 3
2
_[2_ o j 4@ =61,
3 (u2 +1) ’4 1)
B u’ uz u’ A4 B N C D

1

T e o) ) @ ey G

Zau=1=1 :AO+BO+4C+DO:>4C:1:C:l

4
Zau=-1=(-1) =44+ B0+CO+D0=>44=1=> A=~
2 1 1 1
Zau=0 (0) :A+B+C_D:Z+B+Z_D:0:B_D:_E
Zau=2 (2)2=A+3B+9C+9D=4=i+3B+%+9D:>B+3D=%

Koeficijenti imaju vrijednosti: 4 = 2 B=— =— D=-—

1 1
—_J.{LH_I qu1)+(u_1)2+(u1)}a’u

1=611:§[—1 In |u—l|} p¥2xolol el e
4L u+ 3x—1+1 x

2. 1=[2xdfx- dx:»{” m2su=x- 2_”3} = [2(u" +2pdudu

x=u’+2 = dx=3u’du

I = 6th3 (u3 +2)du = 6Iu6du +12ju3du =gu7 -1-%u4

zzgg/(x_zy +33f(x-2)" +C
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Rjesavanje integrala primjenom 'brze formule ' (tocka 8. pravila integriranja)

_[[f x)dx = —[f ]M +C za sveracionalne brojeve; n = -1

) ) 1 1 ) 1(2x+3)" 1 ;
24. I=[(2x+3) dx=[(2x+3) izdngj(zxw) 2dx = S = (2043) +C

(2x+3)

25. 1=[(x ~2) dx= I8 ~2) 3x%dx = %()8 —2) +cC

5x7 3x* 1 5 3 5 1 -2
26. Izj(x3 > dxzsj(x3 S gdx=§f(x3 -2) 3x2dx:§~(_2)(x3 -2)
= —%(;f ~2)%4c

(sinx)" .
27. I= jsinz xcosx dx = I(sin x) cosx dx = (sin x)

3

+C:§sin3x+C

28. I = I3x\/1 2% dx = 3jxx/1 22 (——j dx———j ~4x(1-2x" )de

[=—%%(1—2x2)2=—% (1—2x2) +C
2
2 - 11 >4
29. 1=jé/%dx=j3x2(x3+1)4§dx—§g(x +1)¢ 34(x3+1)3+C
4
_ X 1 -2 N g —l:_ 1
30. I—I(x2+3) dx = j4x X +3) " dx - (x* +3) 4(xz+3)+c
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Mate Vijuga: Rijeseni zadaci iz vise matematike

7.3 Neodredjeni integral trigonometrijskih funkcija

Integral je oblika | = '[sinx,cosx dx

Integrali ovog tipa rjesavaju se supstitucijom, uvodjenjem nove promjenjive i to:

X
2tan —
) X ) 2u . 2u
sinx = 2sin— cos——2tan cos”  —= = ~ = sinx = >
2 2 2 X 14u 1+u
1+tan” —
2
.. X
x . ; ; sin®> = . . l—tan* =
cosx =cos” = —sin’ = =| cos’ = —cos” =- 2 =cos’Z| 1—tan* = - 2
2 2 2 2 2 X 2 2 X
COS”™ — 1+tan” —

1—u®

COSX = 5
1+u
tanfzujfztan"lu:>x:2tan_1u:>dx:2(tan_lu)' = 2du2 =dx= 2du2
2 2 1+u l+u
2du 2
2 2
(PR Ry S D 57N N L7 = [ du
5—3cosx s 3 1—1> 5(1+u2)_3(1_u2) 5+5u* —3+3u
L+ u? 1+u’
Qu=k
2 du " 1o dk 11k
:j 2duzj—2: dk t+ = — 2:__tan —
2+8u 1_(2u) 2du=dk:>du=7 21—k 2a a

Izltanflkzltan*1 2u:ltan*1 2tan > —i—C:ltan*1 2tan> |+ C
2 2 2 2 2 2

1-u’ 1-u’
1. I:J- cosx . _ 1+ 22 J~ 1+ 22 _J-l u’ 2du
1+cosx 1+1 w 1+u’ 1+u +1-u? 1+4? 1+u
1+u’ ol
I = I juz_ldu——j(l— ! jdu——u+2tan"lu+C
1+u’ 1+u’ 1+u’
Izraz pod znakom integrala smo podijelili: (u2 - 1) + (1 +u’ ) _1-_2 -
I+u

J=—tan>+2tan"'| tan> |+ C = —tan~ + 2 tan"' | tan>= |+ C
2 2 2 2

Neodredjeni integrali 16
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Integral je oblika |= _[sinhx,coshx dx

Integrali ovog tipa rjesavaju se supstitucijom uvodjenjem nove promjenjive:

X X X X 2tan£ 2u 2u
sinh x = 2sinh =cosh = = 2 tanh = cosh? = = = == sinh x = 5
2 2 2 X 1-u 1—u
1—tanh” —

, X
s X L. X 5 X , X sinh 2 5 X
cosh x = cosh E+smh 5: cosh E+cosh —. =cos’> =| 1+ tan? 5 =

cosh? >
1+tanh2£ 1442
coshx:—2:>coshx: 5
1—tanh? >~ I-u
2
tanhzzu:zztanhflu:x:manh*lu:>dx:2(tanh*1u)l: 2du2 = dx = 2du2
2 2 1—u 1-u
2du
2 2({1—-u
33, [-= j = l—u = (1-) du =2 ——du =2tan" u
cosh x (1+u2] (l—uz)(1+u ) 1+u )

1—u®

I=2tan"" (tanh %j +C

Zadaci se mogu rijesiti supstitucijom koristenjem definicije hiperbolne funkcije:

. e —e” . 1 du
sinh = =e =ue’ =— = du
34, I= J. = p d” :>2I —— :2I 1
sinhx exdx:du:dx:—gzdx:—u ©-¢ u(u—j
e u u
1=2f =2f LSV Uil GRS
(u —1] w =1 "2 ju+l e +1
u
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Mate Vijuga: Rijeseni zadaci iz vise matematike

Integral je oblika |= '[sinmx x cosnx dx

Iz poznatih odnosa trigonometrijskih funkcija imamo:

35. I =|sin5xcos9xd
Ism xcosYxax = sino. - cos f :l[sin(a+ﬁ)+sin(a—ﬁ)]

=—I|:sm 5x+9x)+s1n(5x 9x) =—I[sml4x+sm 4x ]dx—

I= Ejsin14xdx + Ejsin(—4x) dx Supstitucija: 14x = u;4x = v;cos(—x) = cos x

l-—(—cosu)+l l(cosv)——icosl4x+lcos4x
2 14 2 4 28 8

I = —Lcosl4x +lcos4x
28 8

36. I= J.sin(Sx—l)-sin?sxdx = {sina sinP = %[cos(a —B)—cos(a + B)]} =

1 1 1
1 :Ej[cos(Sx—l—3x)—cos(5x—1+3x)] :chos(Zx—l)dx—EIcos(Sx—l)dx

Rijesimo supstitucijom: (2x—1)=u — dx = d;”;(Sx —1)=v—odx= %
I:lj.cos( dx——J-cos v)dx =— lsmu—llsmv—lsm(bc 1)—Lsm(8x 1)+C
2 2 28 4 16

1 =%sin(2x—1)—%sin(8x—l)+C

Integral je oblika |= J'sin”x;cos”x;tan”x;cot”x dx

Rijesimo metodom parcijalne integracije Iudv =uy-— Ivdu

37. I*:jsinzxdx: . . . .
sin x=smx-smxdx:>du:cosxdxev:j51nxdx:—cosx
—

u dv

I, = —sinxcosx—'[(—cosx)cosxdx :—sinxcosx+‘|‘cos2 xdx

I, :—sinxcosx+_[(1—sin2 x)dx:—sinxcosx+J‘labc—J.sin2 xd x

I

. ) 1 )
I, =—sinxcosx+x—1, = 2I, = —sinxcosx+ x = 1. :5(—smxcosx+x)

Neodredjeni integrali 18



Mate Vijuga: Rijeseni zadaci iz vise matematike

I = % — Esm xcosx+C Mozemo pisati slijedecu formulu za rjesenje za bilo koji n:

) 1. n
I :J‘sm" xdx = ——sin"" xcosx +

I sin”"~? xdx
n n

1 . n—1 _
I =J-cos” xdx =—cos"" xsin x + Icos" % xdx
n n

Supstitucija: tanx =u — x =tan ' u

38. I=.[tan3xdx:> 1 :>J.u3 lzdu=
dx = 2du 1+u
1+u
u u u’ u w1 cdk
I=||u- du = | udu — du =—— du=—-——|—
j( u2+1) I Iu2+1 2 J-uz+1 2 27k
—
u? +l=k
2 2 2
I=u——llnk=u——lln(uz+1)=tan x—lln(tan2x+l)+C
2 2 2 2 2 2

1 =ltam2 x—lln(tam2 x+l)+C
2 2

7.4 Razni zadaci

Uu=x dv = xe* dx
39, I=[xe"dx= R k=x2
'[ du=2x v=jxe" dx = s =ljkekdk=lek=lex

dk = 2xdx 2 2 2

2

1 :J-x3e”2dx=%xzexz —jxexzdx :%xze)Cz —%e* =%e"2 (x2 —1)+C

1 _ 1 _ A N B
x* -4 (x—2)(x+2) (x—2) (x+2) -
1=A(x+2)+B(x—2)

x=2 1= A(-242)+B(-2-2) > B=—+

4
I: =
x:2—>1:A(2+2)+B(2—2)—>A:%
L
o dx 4 4 1 B
==l -2) ey |7 ( x+2j (Infx~2[=tnx+2)
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-2
|x+ 2|

l-x=u>>x=1-u’ —2udu du
1= J.x\/I X { dx = —2udu }:I(l—uz)u__z'[ﬁ

—ln +C

o du du |1+ u| . y _
I = ZI—I » I—l u)(l N u) -In—— | - u| + C < Uvrstimo u osnovni integral:
‘1+\/1— ‘1 JI—x ‘

= jx\/ﬁ ‘1 Nl ‘1+\/ﬁ‘

42, [ = J.sin3 xcos® xdx = Isinz xcos® xsin xdx = j(l —cos? x)cos2 xsin xdx =

1:{ 1 ey }:j(1—u2)u2 (~du) = ~[(u* ~u* du = [u*du~ [ udu

du = —sin xdx

> uwd cosx® cosx’

[=—-"= - +C
5 3 5 3
x+1 x+1 A+ B C
= I x+1 x’ + x> —6x x(x2+x 6) x (x=2)(x+3)L 2
X+ x? —6x
x+1=4 ( )(x+3)+Bx(x+3) C(x—Z)

zax=0: 0+1= A(2)(3)+B(0)(3)+C(0)(-2) = ~64 > A= ——

1 zx=20 241 4(0)(5)+ B(2)(5)+ C(2)(0) =108 > B=— =

zax=-3: —3+1=A(=5)(0)+ B(=3)(0)+C(-3)(-5)=15C - C = _%

e | e e

1:__1n|x|+iln|x_z|_£1n|x+3|+c
6 10 15

U= ln(x2 +2) dv =dx
44, Izjln(x2+2)dx:> 2x

du:(x2+2)dx V=X

Neodredjeni integrali 20
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jln(xz +2)dx :xln(x2 +2)—Ix()622—j2)dx = xln(x2 +2)—2I(x2xj_ 2) dx =
—_

xzz(x2+2):1— 2

1 :xln(x2 +2)—2J.(1— x22+2de = )cln()c2 +2)—2jdx+4'|.x2di

x“+2

len()c2 + 2)— 2x+

dx dx du 1. (u 1 | x
+4 jx2+2:.|-x2+(\/5)2 :J-uera:gtanl(;jﬁﬁtan l(ﬁj

1= xln(x2 +2)—2x+itan_l (—JJrC

Np

45 - J~ dx x+2=u’ x=u2—2} J-( 2udu

_— =
(x—2)Jx+2 { dx = 2udu u2—2—2)«/u2—2+2

B du du 1 Ju-a Vx+2-2
[_Zj(u2—4)_2{I(u2—a2)_2alnu+a} 24 Jx1242

In Nx+2-2
Jx+24+2

1= +C

1
2

(s ; (s . B o .4 u=sinx
46. [ =|sin” xcos’ xdx = |sin” xcos’ xcosxdx =|(1—sin” x) sin” xcos xdx = p
U =COSX

I = jl u’ 4du:_[u4(1—3u2+3u4—u6)duzj(u5 4+ 3u® ulo)du

I ——u —§u7 +§u9 —iu“ =—gin® x—isin7 x+lsin9 x—isin11 x+C
6 7 9 11 6 7 3 11

3x+5 _ 3x+5 _ A N B N C
47. 1= dex: X ext x4l (el)(x-1)7 x+l (x=1) (x-1) L
3x+5=A(x—1) +B(x+1)(x=1)+C(x +1)

zax=1: 3+5=4(0)+B(2)(0)+C(2)=2C > C=4
= zax:—l:—3+5=A(4)+B(o)(—2)+c(o):4A—>A:% =

usporedimo koef. uz x> na obje strane: 0= A+B - B=—-A= —%

Neodredjeni integrali 21
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3x+5 4
I:J‘x3— J-{ 2(x+1) 2(x- 1)+(x_1)2}x

1 1 dx 2 1 -1
I=Eln|x+l|51n|xl|+{4j( - =4f(x-1) dv=4—(x-1) }

x—l)

P Y TR Y I G
2 2 x—1

u=Inx. dv = x*dx
48. [ =|x*Inxdx = 3
‘[ duzldx v=Ix2dx:x—
X 3
¢, } 1x°
1= J‘x In xdx = lnx——I——dx——lnx——Ixdx——lnx———:
3 3 3 33
H,_J
v v du
3 3
=X mx-2ycC
3 9

49. I = Isins xdx = j(sinz x)2 sin xdx = j(l —cos’ x)2 sin xdx = {duu::—cs(i)rslfcdx}

[=—j(1—u2)2 aVu:—J‘(l—Zu2 +u4)du:—(u—§u3 +%u5j

2 1
I :§cos3 x——cos’ x—cosx+C

dx

50, [=|—m—=
Ixxlx2+x+2
2
x2+x+2:(u—x)2=u2—2ux—x2:>x:§t _22:>u=\/x2+x+2+x
+ Zu
1+2u)2u—2(u* -2 2(u’ +u+2
dx=( u) u gu )du= (u u : )
(1+2u) (1+2u)
2 2
\/x2+x+2=(u—x):u—u 2 _utut?
1+2u 1+2u
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sy onss]
e

4 Tipski integral'
1=] /7 -] 2 o= _dk k—a
xVxX +x+2 -2 y/l(u/ sz 7= Ln
—-a 2a |k+a
M 1+2u

w2
v

1 \/x2+x+2+x—\/§|

=—1In

V2 +x+2+x+\/§‘

2x

| le=2|

=22\/§ ‘u+\/—‘ 1

u=x dv=e

I=|xe"dx=
'[ du =3x2dx;v:'[e2xdx:%e

2x

= J-x3ezxdx =x’ %eh — I%ez’?xzdx

I:x3lez" —iszez"dx

2 2
3 u=x dv = e** ! !
—Ixzezxdx = , 1, (= J.xzezxdx =x" =& —_[—ezx 2xdx
2 du:2xdx;v:J.e xdx:Eex 2 2

I1=x %ez)‘ —%(xz %ezx - I%ezx 2xdxj = %x3ez" —%xzezx +%(I%ez" 2xdxj

1 3
[=—x'e® —=x*e™ +—Ixe2'“dx
2 2
I = Ixezxdx =

u=x dv=e* | | | |
= ) 1 5 = jxez'xdx = x—ez'x —J.—ezxdx = x_€2x __J.ez"'dx
du = dx V:Jexdx:Eex 2 2 2 2

1 | . ..
I = xzez" —~ Zez" Uvrstimo u trazeni integral:
1 1
I =1 =—x3e* — 22> + Ier\dx e 22 4 r— 2 2x
2 2\ 2
1 3
[=—xe™ —=x*e™ +=xe’* -~ +C
2 4

52. I= J.cos3 [zj dx = J- 1 —sin? (zj cos (z)dx = J.cosfdx - J.sinz (fj cos > dx
3 3 3 3 3 3

[=3sin>— 3J‘ sin2 X lcoszdx Koristimo steceno znanje:
3 3)3 3

I = 3sin£—3lsin3£:3sin£—sin3z+C
3 3 3 3 3
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53. 1=j(

x+2)(x+3)

X _ A N B
de=4(x+2)(x+3) (x+2) (x+3)l=
x=A(x+3)+B(x+2)

X

[x==2->-2=4(1)+B(0) > A=-2
C|x=-3->-3=4(0)+B(-1)>B=3
X ) 3
I= dx = dx ==2(In|x +2|+3In|x +3
j(x+z)(x+3) ! I((x+2)+(x+3)J v =2(Inpro+ 20+ 3lnf+ 3)
‘x+33
[:ln( )2 +C
(x+2)
54 ]:J. * 3dx:>
(5—4x—x2)
2
5—4x—x2=(5+x)(1—x)=(1—x)2u2:>(5+x)=(1—x)u2:>x::l _25
+u
2u(l+u®)—(u®-5)2 3,3
) g u( u) (uz )udu:2u+2u 2u2 +10udu: 12u2du
(l+u2) (1+u) (1+u)
2
J5—dr— =(l-x)u=u-"2 =%
l+u l+u

I~

12u

il

f

u’ =5

(1]

|

|

6u

i

u(u2 —5)
2160’

X

1/(5—4x—x2)3 dx:j

] =12

du

—% (l—uizjdu=L(jdu—j5u_2du):%(u+§)=
L(5-ar—x  S(1-%) Ji{54xx2+5(1x)2]
B x Vae) 18| (—aeoarr
1 _5—4x—x2+5(1—2x+x2) 5-4x-x"+5-10x+5x’

| |

18_ (I-x)V5-4x—x* (1-x)V5-4x—x*

w1 ) ] 4
1 4x" —14x+10 | _ T 2 _ 1 2
18 (I-x) 54xx2] 18 (1-x)V5-4x-x* 18] \/5—4x—x*
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=i 2 _ 5-2x e

18] {5 -4x—x* 95 —4x—x’

. 1—cos2x
sin” x = 5
dx dx
5. I=|——=> T =
J‘\/l—sin2x 1—cos(—2x) T
: z(n B j_ 2 1-cos| = —2x
sin“| ——x |= 7
2
5 e lo 5]
[ =— csc x |dx
2 J‘ - ( j I sin 2x j 4
sin 1 —-Xx
1 =—£ln csc(i—xj—cot(l—xj +C
2 4 4
< 6 5 3 3 2 61’ 3
56. 1= j = qu=xt x=w ot s =uth o [0 gy = 6 du
x2+x3 dx = 61’ du u +u u+l
{u3:(u+1):u2—u+l— ! }:>6.[ du—6j‘(u —u+1- ! jdx
u+l u+l u+l
R I 1
126[?—7+u—ln|u+1|]+C:2x2—3x3+6x6—6lnx6—1+C
x*+2 _A B C

57 1[5 *2 ) el x (xr2) (2oD)
EEs X +2= A(x+2)(x—1)+ Br(x— 1)+Cx(x+2)
)

x=0-2=A4(2)(-1)+B(0)(-1)+C(0)(2) > 4=
={x=-2—6=A(0)(-3)+B(-2)(-3)+ C(O)(O - B=1=
x=1-3=4(3)(0)+B(1)(0)+C(1)(3) >

x*+2 1 1 1
= de = ||~ dx = In x| + In|x + 2| + In[x -1
jx(x+2)(x—1)x I[x+(x+2)+(x—l) x=In|x|+In|x+2|+In|x-1+C
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- [ {5)
NG 3 3

58. I=|—dx=> x=—sin® — dx =—cosod
[ - sing ~ cospdo

\/9—4x2 =\/9—9sin2(p =3\/1—sin2(p =3\/cosch =3cosQ

2 2 .
I:J-\/9—4x v = [ 229522 cospdp = 3] <X Ly =3[ L P,
¥ 3 2 SIne sing
~sin@
2
1
1=3 —q1 =3 o _3(1 _ cot c
J.(Sin(p sm(de(p J.(CSC(P Sln(P)d(P (H|CSC(p co (p|+cos(p)+ 1
S
?= Sil’l(p B 2x

= Zamijenimo : V9 — 4y

cos¢ 3 VO —4x?

t = = =
e sin@ 2x 2x
3
2 2 2
[=3In 3 N9 |+3\/9_4x v, =3P o a4
2x 2x ‘ 2x
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